In this paper, we study the structure of finite groups whose minimal subgroups are λ-supplemented and give a new characterization of supersolubility of finite groups.
Introduction
All groups considered in this paper are finite.
It is an interesting topic in group theory to study the generalized permutable subgroups and generalized supplemented subgroups. The present paper is a contribution to this line of research.
Let G be a group and H be a subgroup of G. H is said to be a permutable (or quasinormal) subgroup of G if H permutes with every subgroup of G. If H permutes with every Sylow subgroup of G, then we call H an S-permutable (or S-quasinormal) subgroup of G. Recently, these concepts have been generalized by many authors. In [] , Ballester and Pedraza-Aguilera called H an S-quasinormally embedded subgroup of G if a Sylow p-subgroup of H is also a Sylow p-subgroup of some S-quasinormal subgroup of G for each prime p dividing the order of H. In [], Skiba introduced the concepts of weakly S-permutable subgroups and weakly S-supplemented subgroups. H is said to be weakly S-supplemented (weakly S-permutable) in G if G has a subgroup (subnormal subgroup) T such that G = HT and H ∩ T ≤ H sG , where H sG denotes the subgroup of H generated by all those subgroups of H which are S-quasinormal in G. As a generalization and unification of the above two different kinds of embedding property of subgroups, Li and Chen in [] introduced the concept of λ-supplemented subgroups. Let H be a subgroup of a group G. H is said to be λ-supplemented in G if G has a subgroup T such that G = HT and H ∩ T ≤ H SE . In this definition, H SE denotes the subgroup of H generated by all those subgroups of H which are S-quasinormally embedded in G. Using this idea, some new characterizations of p-supersolubility of finite groups are obtained in [] under the assumption that the maximal subgroups of the Sylow subgroups of some special subgroups are λ-supplemented.
In this paper, we study the structure of groups with some λ-supplemented minimal subgroups and give a new characterization of supersolubility of finite groups. In fact, the main result established in this paper provides a new criterion, in terms of the λ-supplemented http://www.journalofinequalitiesandapplications.com/content/2012/1/266 cyclic subgroups of order prime or  contained in the generalized Fitting subgroups, for a group to be contained in a saturated formation containing all supersoluble groups.
We prove the main result in Section . Section  includes some applications of our main result, which unify and extend many previous known results; and the paper concludes with a partial answer to a question of Skiba.
The notation and terminology in this paper are standard. The reader is referred to [] if necessary.
Preliminaries
We cite here some known results which are useful in the sequel.
Lemma . [, Theorem .] Let p be the smallest prime dividing the order of a group G and P be a Sylow p-subgroup of G. Then G is p-nilpotent if and only if every cyclic subgroup H of P of order p or order  (if P is a non-Abelian -group and H Z ∞ (G)) is λ-supplemented in G provided that H does not possess any supersoluble supplement in G.

Lemma . [, Theorem .] Let G be a group with a normal subgroup E such that G/E is supersoluble. Suppose that for every non-cyclic Sylow subgroup P of E, every cyclic subgroup H of P of prime order or order  (if P is a non-Abelian -group and H Z ∞ (G)) is λ-supplemented in G provided that H does not possess any supersoluble supplement in G.
Then G is supersoluble. 
Main results
Lemma . Let N be a non-trivial normal p-subgroup of a group G of exponent p. Suppose that every minimal subgroup of N without any supersoluble supplement in G is
. Thus, the proof is complete.
Theorem . A group G is supersoluble if and only if G has a normal subgroup E such that G/E is supersoluble and for every non-cyclic Sylow subgroup P of F * (E), every cyclic subgroup H of P of prime order or order  (if P is a non-Abelian -group and H Z ∞ (G)) is λ-supplemented in G provided that H does not possess any supersoluble supplement in G.
Proof The necessity is obvious and we consider only the sufficiency. Suppose it is false and let G be a counterexample with |G| + |E| minimal. Then G has the following properties.
by Lemma ., we conclude that G is supersoluble, a contradiction. Therefore, F * (E) is a proper subgroup of E.
() Let p be the smallest prime dividing the order of F and P be a Sylow p-subgroup of F. Then p > .
Assume that p = . Write V /P = F * (E/P). Let Q be a Sylow q-subgroup of E, where q = .
Then PQ is -nilpotent by the hypothesis and Lemma .. 
is cyclic and so G/C is Abelian. Thus, G/(E ∩ C) is supersoluble by the hypothesis. By () F * (E) = F(E) ≤ E ∩ C, from which we conclude that
by Lemma .. Hence, the hypothesis is still true for (G, E ∩ C). The minimality of |G| + |E| implies that E ≤ C.
() P is not cyclic.
If not, then E stabilizes a chain of subgroups of P by (). It follows from [, Lemma .
. Similar to (), we have that the pair (G/P, E/P) satisfies the hypothesis. Therefore, the minimal choice of (G, E) implies that G/P is supersoluble. Hence, G is supersoluble by Lemma ., a contradiction. 
is a p-group, which implies that E/C E (P) is also a p-group. Equivalently, we have O p (E) ≤ C E (P). Using an analogous argument as in (), we have that G/P is supersoluble and consequently G is supersoluble by Lemma ., which violates the choice of G.
Some applications
Since many relevant families of subgroups, such as normal subgroups, (S-)quasinormal subgroups (or (S-)permutable subgroups), c-normal subgroups, complemented subgroups, c-supplemented subgroups, weakly S-supplemented subgroups and S-quasinormally embedded subgroups, enjoy the λ-supplementary property, a lot of nice results follow from Theorem .. Recall first some concepts of subgroups mentioned above. Let H be a subgroup of a group G. We call H a complemented subgroup of G if there exists a subgroup T of G such that G = HT and the intersection of H and T is trivial. H is said to be c-normal (csupplemented) in G if G has a normal subgroup (a subgroup) T such that G = HT and of order prime or  is weakly S-supplemented in G, then G ∈ F .
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